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Abstract
In this manuscript we consider a normal branch of DGP cosmological model with a quintessence
scalar field on the brane as the dark energy component. Using dynamical system approach we
study the stability properties of the model. We find that λ, as one of our new dimensionless
variables that is defined in terms of the quintessence potential has a crucial role in the history of
the universe. We divide our discussion into two parts: a constant λ, and a varying λ. In the case
of a varying λ, which is the main part of this work, we consider a Gaussian potential for which λ
goes to infinity, asymptotically. Here, all the critical points which were obtained in the case of a
constant λ, can be assumed as instantaneous critical points. We discuss the evolution of dynamical
variables in such a model and conclude that their asymptotic behaviors follow the trajectories of
the moving critical points. Also, we find two different possible fates for the universe. In one of
them it experiences an accelerated expansion, then enters a decelerating phase and finally reachs
a stable matter dominated solution. In the other scenario, the universe approaches the matter
dominated critical point without experiencing any accelerating expansion.
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1. INTRODUCTION
The outcomes of cosmological observations, such as the type Ia supernova (SNe Ia) [1],
the cosmic microwave background radiation (CMBR) [2], the large-scale structure [3], and
so forth, have disclosed that our universe is undergoing an accelerated expanding phase.
Cosmologists describe this surprising phenomenon either with the concept of dark energy
(DE) [4]-[17], or with some extended theories of gravity [18]-[24].
On the other hand, the concept of extra dimension that arises from string theory has
attracted a great amount of attention, specially for explaining the so called hierarchy problem
[25]-[34]. In these theories our four dimensional (4D) universe is considered as a brane
embedded in a five dimensional (5D) spacetime dubbed bulk. If we add a 4D scalar curvature
into the brane action, on top of the matter Lagrangian in it, we are dealing with a brane
induced gravity theory, and DGP braneworld model is its most well-known example in
which the bulk is an infinite 5D Minkowski spacetime [35]. DGP model includes two distinct
branches, the self-accelerating one that yields late-time acceleration geometrically, but suffers
from the ghost instability, and the normal branch which is healthy, but cannot explain
accelerated expansion of the universe without any DE component.
Furthermore, dynamical system analysis which could be a practical method in examining
the long-term behavior of the universe qualitatively, has been widely used in literature [36]-
[46]. This qualitative study is based on stability analysis. In this approach, instead of a
particular trajectory, one will find and categorize the type of all the possible trajectories of
the universe in an appropriate phase space.
In this manuscript we will consider a normal branch of DGP braneworld cosmology with
a quintessence scalar field φ on the brane, as the DE component. To investigate this model,
we will follow the dynamical system approach. After introducing some new dimensionless
variables, we will write an autonomous system of ordinary differential equations. Then, we
will obtain the critical points of the model and related eigenvalues to study their stability.
Although a dynamical investigation of DGP model with a scalar field trapped on the brane
has already been studied in [47] for a constant scalar field potential and an exponential
potential distinctly, but the prior is very simple and special, and the latter does not represent
the effect of extra dimension. Here, we will consider a Gaussian potential, and show that with
this situation, not only our model can indicate different cosmological epochs such as matter
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dominated era and DE dominated era, but also can represent the role of extra dimension.
Also, we find a few moving critical points in our model that play an important role in the
evolution of the universe.
This article is organized as follows: in Sec.2, we review the basic equations of the model.
Sec.3, deals with the new variables and respective autonomous differential equations, critical
points and their stability conditions, but for two different situations. In the first part of Sec.3,
we discuss a constant λ case, and in its second part the case of a varying λ will be studied.
The asymptotic behavior of the model is also investigated in this section. Finally in Sec.4,
we express a summary and discuss the results.
2. THE MODEL
Assuming a homogeneous, isotropic and spatially flat brane in a normal branch of DGP
model one can reach to the Friedmann equation on the brane as [48]
H2 +
H
rc
=
1
3M2p
(ρm + ρφ) (1)
in which ρm, represents the energy density of the matter content of the universe, and ρφ
indicates the quintessence scalar field energy density as the DE component. Also, H , Mp
and rc, are respectively the Hubble parameter, the Planck mass and the crossover distance
where the latter determines transition from 4D to 5D regime and is always positive. In the
absence of interaction between the dark sectors of the universe, one can utilize the standard
conservation equations as
ρ˙m + 3Hρm = 0, (2)
ρ˙φ + 3H(ρφ + pφ) = 0, (3)
in which the dot denotes derivative with respect to the cosmic time, t. In Eq.(3), the energy
density of the quintessence scalar field ρφ, and its pressure pφ, are defined as
ρφ =
1
2
φ˙2 + V (φ), (4)
pφ =
1
2
φ˙2 − V (φ), (5)
respectively, in which V (φ) is the quintessence potential. Substituting ρφ and pφ, in Eq.(3),
we obtain the equation of motion of the quintessence scalar field as
φ¨+ 3Hφ˙+ Vφ = 0 (6)
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Here, the derivative of V (φ) with respect to the scalar field has been denoted by Vφ.
3. THE PHASE SPACE AND THE STABILITY ANALYSIS
In order to analyze the stability characteristics of the model, we first introduce a set of
new dimensionless variables to convert the equations of motion of our model into a self-
autonomous dynamical system. The auxiliary variables we have chosen here are as follows
x =
√
ρm
3M2p (H
2 + H
rc
)
, y =
√
V (φ)
3M2p (H
2 + H
rc
)
, (7)
z =
φ˙√
6M2p (H
2 + H
rc
)
, l =
√
1 +
1
Hrc
, λ = MpVφ/V.
Since an expanding universe and a contracting one are independent submanifolds, we can
study them separately [47],[49]. In the following, we will focus on the more popular expand-
ing case. With H > 0 for an expanding universe, and rc > 0, we find a constraint as l ≥ 1.
One can check that for rc →∞, we have l = 1. So the subset (x, y, z, l = 1), corresponds to
a 4D Einstein-Hilbert theory limit. With the above phase space variables and using Eq.(4),
we can express the Friedmann equation on the brane as the constraint below
x2 + y2 + z2 = 1. (8)
Regarding this constraint and with attention to Eq.(7), the new variables satisfy some other
constraints, such that 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 and −1 ≤ z ≤ 1, while l ≥ 1.
On the other hand, the Raychaudhury equation and the total equation of state (EoS)
parameter of the universe, can be obtained and written in terms of the new variables as
below
H˙
H2
= − 3l
2
l2 + 1
(1 + z2 − y2) (9)
wtot = z
2 − y2 (10)
To build an autonomous system of ordinary differential equations, we differentiate the
phase space variables in Eq.(7). Also, we have reduced the number of degrees of freedom of
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the model by one, using the Friedmann constraint:
y′ =
√
3
2
yzlλ+
3
2
y(1 + z2 − y2), (11)
z′ = −3z −
√
3
2
y2lλ+
3
2
z(1 + z2 − y2), (12)
l′ =
3
2
l
(
l2 − 1
l2 + 1
)
(1 + z2 − y2), (13)
λ′ =
√
6lzλ2(Γ− 1) (14)
In these equations, the prime means derivative with respect to ln a, and Γ = V Vφφ/V
2
φ , in
which Vφφ, indicates the second derivative of the potential with respect to the scalar field.
This 4D autonomous system represents the evolution of the DGP model with a quintessence
scalar field, indirectly.
According to linear stability analysis, we first solve the equations y′ = z′ = l′ = λ′ =
0, simultaneously to determine the critical points of the system of equations above and
respective eigenvalues. Then, we study the behavior of the system near the critical points to
describe various kinds of possible trajectories in the phase space. Obviously, an important
factor in this level is the form of the quintessence potential, because the new variable λ,
depends on it. From now on, we separate the work to two different cases: a constant λ, and
a varying λ. But, first let us review the case λ = constant, as the authors investigated in
[47], since our discussions for a varying λ, is strongly dependent on it.
3.1. λ = constant
With attention to Eq.(14), λ = constant, could be associated with Γ = 1, as well as the
special situation λ = 0. The prior relates to an exponential potential while the latter results
in a constant quintessence potential. TABLE I, shows the critical points of the model, the
related eigenvalues and their existence condition, for λ = constant. We have to note that
only those critical points that satisfy the constraints on phase space variables, in addition
to the Friedmann constraint have been mentioned in this table. It is clear that the critical
points CP1, CP2 and CP3, exist for all values of λ, while the existence of the critical points
CP5, CP6 and CP7, depends on the value of λ, and CP4, only exists for λ = 0. There is
also a critical line CL1, which involves CP4, and like it exists only for λ = 0. By critical
line we mean infinite number of critical points with y = 1, z = 0, but with l ≥ 1. Also, it is
5
obvious that all the critical points in TABLE I, are the 4D solutions because of l = 1, and
it is just the critical line CL1, that shows the effect of extra dimension. Moreover, one can
check that CP5 coincides with CP1, CP2, CP4, CP6 and CP7 in the case λ = −
√
6, λ =
√
6,
λ = 0, λ =
√
3 and λ = −√3, respectively.
TABLE I: Critical points of the model for λ = constant
Critical Points (y, z, l) Eigenvalues Existence
CP1 (0, 1, 1) (3, 3 +
√
3/2λ, 3) any λ
CP2 (0,−1, 1) (3, 3 −
√
3/2λ, 3) any λ
CP3 (0, 0, 1) (3/2,−3/2, 3/2) any λ
CP4 (1, 0, 1) (−3,−3, 0) λ = 0
CP5 (
√
1− λ2/6,−√6λ/6, 1) (λ2 − 3, λ2/2− 3, λ2/2) −√6 ≤ λ ≤ √6
CP6 (
√
6/2λ,−√6/2λ, 1) (−3
4
+ 3
√
24− 7λ2/4λ,−3
4
− 3√24− 7λ2/4λ, 3
2
) λ ≥ √3
CP7 (−
√
6/2λ,−√6/2λ, 1) (−3
4
+ 3
√
24− 7λ2/4λ,−3
4
− 3√24− 7λ2/4λ, 3
2
) λ ≤ −√3
CL1 (1, 0, [1,∞]) (−3,−3, 0) λ = 0
The stability status of the critical points with attention to respective eigenvalues, their
physical descriptions and wtot, have been represented in TABLE II. With attention to Eqs.(7)
and (8), critical points CP1 and CP2, are kinetic dominated solutions. Also, since in these
cases wtot = 1, they behave as stiff matter. Given the value of parameter λ, they could
be an unstable or a saddle point, if all their eigenvalues are positive or they have different
signs. CP3 is another critical point of our model that with attention to wtot = 0, represents a
matter dominated universe and is always a saddle point. We call it a pure matter dominated
universe, because the Friedmann constraint for y = 0 and z = 0, yields x = 1. CP4
demonstrates a quintessence potential dominated solution and with attention to wtot = −1,
we can consider it as a DE dominated solution. But, in this situation we cannot identify
the stability status using the common linear perturbation method, because one of their
eigenvalues is zero. In such cases, one must adopt other stability approaches. Here, we
resort to a numerical analysis. FIG.1, illustrates some trajectories related to various initial
conditions in our phase space. As we see all the trajectories start from the critical points CP1
and CP2, which are repellor for λ = 0. Also, it is clear that CP4, is an attractor. The critical
point CP5, is generally a saddle point, except for λ = ±
√
6, and λ = 0, because in these
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cases it coincides with the critical points CP2,1 and CP4. Substituting this critical point
into the Friedmann constraint leads to x = 0, which in turn implies that CP5, corresponds
to a scalar field dominated solution, and satisfies the relation y2 + z2 = 1. It means that
CP5, lies on a unit circle in yz-plane (See FIG.2). Although for CP6 and CP7, we find that
wtot = 0, these critical points do not show a pure matter dominated era, because they do not
result x = 1. We call them scaling solutions. The larger the value of |λ|, the closer to a pure
matter dominated era. It is worthy to note that for λ =
√
3 and λ = −√3, respectively,
CP6 and CP7, behave as the scalar field dominated solution, CP5. They are always saddle
critical points, though for a given range of λ in which their eigenvalues are not real, they
show a spiral behavior. The critical subset CL1, that like the critical point CP4 only exists
for λ = 0, has a zero eigenvalue, as well. Again, regarding to FIG.1, one can conclude that
CL1, is an attractor line. It is a potential dominated solution which include the effect of
extra dimension, additionally. These results are similar to the results of [47].
FIG. 1: The critical points of our dynamical system and a few trajectories for λ = 0. The black
dash line represents the critical line CL1.
The two dimensional (2D) phase space diagram of our model for different positive values
of parameter λ, in yz-plane (l = 1), have been shown in FIG.2. We have ignored the negative
values because of symmetry. There is an important point that we want to explain here. As
one can see in TABLE II, the title of the third column is Stability in 3D, that means all the
expressions in this column have not been written for a phase plane, but for a phase volume.
This, in turn means that a given critical point in TABLE II, may have a different stability
characteristic in a given phase plane, such as yz-plane. This is the case in our model, but
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TABLE II: Stability status of the critical points
Critical Points wtot Stability in 3D Description
CP1 1
unstable for λ ≥ −√6
saddle for λ < −√6
kinetic dominated
CP2 1
unstable for λ ≤ √6
saddle for λ >
√
6
kinetic dominated
CP3 0 saddle pure matter dominated
CP4 −1 stable DE dominated
CP5 λ
2/3− 1 saddle scalar field dominated
CP6 0
saddle for
√
3 ≤ λ ≤
√
24/7
spiral saddle for λ >
√
24/7
scaling solution
CP7 0
saddle for −√24/7 ≤ λ ≤ −√3
spiral saddle for λ < −
√
24/7
scaling solution
CL1 −1 stable DE dominated
only for those critical points that depend on λ, and this plays a crucial role in the evolution
of the universe in our model. As we mentioned earlier, CP5, is unstable for λ = ±
√
6, stable
for λ = 0, and saddle for other values of λ, but in three dimensions (3D). One can check
that in 2D yz-plane, CP5, will be a stable critical point for −
√
3 ≤ λ ≤ √3, as it is clear
from FIG.2. Also, CP6 and CP7, are not saddle critical points in 2D yz-plane, but rather
stable solutions. For instance, CP6, will be a spiral stable critical point for λ >
√
24/7, and
a stable critical point for
√
3 ≤ λ ≤√24/7, as it can be seen in FIG.2. One can easily check
that CP7, is spiral stable for λ < −
√
24/7, and stable for −√24/7 ≤ λ ≤ −√3.
• critical points at infinity
Since the new variable l is unbounded, our discussion is incomplete till now and we have
to analyze the stability of the system at infinity, too. We have seen the effect of extra
dimension in our model in the critical line CL1 which exist only for λ = 0, but how about
other values of λ? The answer may be related to the analysis at infinity. To this aim, we
try to compact our dynamical system defining a new variable as
u =
1
l
(15)
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FIG. 2: 2D representation of phase space for various values of λ. The critical points CP1, CP2,
CP3, CP5 and CP6, have been demonstrated with a red, green, yellow, pink and blue circles,
respectively. For λ = 0, λ =
√
3 and λ =
√
6, the critical point CP5, coincides with CP4, CP6 and
CP2, severally.
so that for l = 1, and in the limit l → ∞, we have u = 1 and u = 0, respectively, while
u satisfies the constraint 0 ≤ u ≤ 1. Then, we obtain a new set of ordinary differential
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equations as below
dy
dξ
=
√
3
2
yzλ+
3
2
yu(1 + z2 − y2), (16)
dz
dξ
= −3zu−
√
3
2
y2λ+
3
2
zu(1 + z2 − y2), (17)
du
dξ
= −3
2
u2
(
1− u2
1 + u2
)
(1 + z2 − y2), (18)
dλ
dξ
=
√
6zλ2(Γ− 1) (19)
in which d
dξ
= u d
d lna
. When we calculate the critical points of this new system we find one
additional critical line for any value of λ as (CL2 : u = 0, y = 0, z = z), and also one critical
plane for only λ = 0 as (CPN : u = 0, y = y, z = z), on top of all the results in TABLE.I.
Obviously, CL2, is part of CPN , for λ = 0. Using the Friedmann constraint we can conclude
that they are matter scaling solutions, because both the quintessence scalar field and the
matter content have contributions in these solutions. The only difference between them is
that for CL2, the contribution of the quintessence potential is zero. Also, one can check that
for both of them 0 ≤ wtot ≤ 1, and as a result they cannot certainly relate to an accelerated
expanding phase. Since at least one of their eigenvalues is zero, we utilize the numerical
approach to understand their stability characteristics. FIG.3, illustrates that the critical
plane CPN , and also the critical line CL2, which is part of CPN for λ = 0, behave as
saddle critical subsets. But the case differs for other values of λ. In these situations as one
can see in FIG.4, the critical line CL2, behaves as an attractor line.
Now, we have completed our analysis. We have understood that in our model the universe
always starts from the unstable kinetic dominated critical points CP1 and CP2. But its fate
depends on the value of λ, and also the initial conditions. For λ = 0, it even reaches
the stable DE dominated critical point CP4 if it evolves in 4D, or comes to the stable DE
dominated critical line CL1 which shows the effect of extra dimension if it evolves in 5D.
Also, for other values of λ, and in 5D, the universe finally approaches the matter scaling
stable critical line CL2, which cannot describe the current accelerated expansion. But if
the universe evolves in 4D, it even reaches a scalar field dominated stable critical point
CP5, or comes to a matter scaling stable critical point CP6 (or CP7, for negative values of
λ). Depending upon the value of λ, it may show the late time acceleration. This case is
important in our following discussions and will be studied in detail.
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FIG. 3: The critical points of our dynamical system and a few trajectories for the case λ = 0, in
the new phase space. The black dash line and the gray plane represent the critical line CL1 and
the critical plane CPN , respectively. CPN , come from the analysis at infinity.
3.2. λ = λ(φ)
If one consider the quintessence potential anything, except the constant or exponential
potential, λ, will be a dynamical quantity. Here, we are interested in studying the behavior
of the model in the case of a Gaussian potential. Assuming λ, changes sufficiently slow such
that we can consider it as a constant within any infinitesimal period of time during the
evolution of the universe, we can regard all the critical points in TABLE I, and the ones we
obtained at infinity, as the instantaneous critical points of respective dynamical system [49]-
[53]. With this assumption, it is clear that CP5, CP6 and CP7, are moving critical points
which can indicate where the solution tends to at each instant if it evolves in 4D. Also, it is
worthy to note that in the case of a Gaussian potential, CP4, CL1 and CPN , correspond
to the extremum of the potential where λ = 0. To understand the evolution of our universe
in a varying λ situation completely, we need to find the asymptotic behavior of λ. In other
words, it is important to know either λ → ∞, or it approaches zero. Various kinds of
potential satisfy different asymptotic limits. For potentials of the form V = V0φ
−n, with
n > 0, Vφ, approaches zero faster than the potential itself, then λ→ 0. This is the case has
been investigated for instance in [54], but for n = 1. Also, a double exponential potential as
V = V0 exp(−αeφ), as an example of the case λ→∞, has been studied in [54], too. Another
kind of potential in which λ, goes to infinity asymptotically, as it has been mentioned in
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FIG. 4: The critical points of our dynamical system and a few trajectories for λ = 1, 2, 3, in the new
phase space. The red dashdot line represents the critical lines CL2 which come from the analysis
at infinity.
[54], that is the case of interest for us here, is the Gaussian potential, V (φ) = V0 exp(−αφ2),
in which V0 and α, are positive constants. For such a potential, the quintessence scalar field
can roll down plus (minus) infinity with φ˙ > 0 (φ˙ < 0). Also, one can check that in this
situation λ = −2αMpφ, that results λ → −∞ (λ → ∞), at the limit φ → ∞ (φ → −∞).
Furthermore, for a Gaussian potential one can calculate Γ = 1 − 1/(2αφ2), and therefore,
Γ − 1, is always negative. Thus, with attention to Eq.(14), the sign of λ′, depends on the
sign of z, which is proportional to φ˙. Thus we see that for both z ≷ 0, we have |λ| → ∞.
In the following we will only discuss the positive values of λ, because of the symmetry.
• Asymptotic behavior λ→∞
Regarding the shape of the Gaussian potential and since λ is increasing one can assume
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that it starts from the top of the potential, the state in which λ = 0. For the case λ = 0,
the universe desires to achieve even the stable DE dominated critical point CP4, or the
critical line CL1, with wtot = −1, but since λ, has dynamics, it does not have enough time
to reach them. If the universe evolves in 5D, the trajectories end up in the critical line
CL2. But the case is more complicated in 4D. The destination moves around in yz-plane.
It starts from CP4, on the critical line CL1, and continues as a moving stable scalar field
dominated solution CP5. At the same time wtot, is increasing. As far as wtot, is smaller
than −2/3 the universe experiences an accelerating phase [55]. Along with increasing of λ,
wtot, grows as well. For λ > 1, wtot, will be greater than −2/3, that shows the universe is
in a decelerated expanding phase. CP5, keeps moving till λ =
√
3. At this stage we will
encounter with two moving critical points CP5, and CP6, that coincide with one another and
both behave as a single stable point in 2D phase plane with wtot = 0, which is still a scalar
field dominated solution. Since then, they will separate and move distinctly. In one hand,
CP5, moves around in yz-plane as a saddle point so that the contribution of the quintessence
kinetic term increases while of its potential term decreases, and at the same time wtot, grows.
Finally, when λ =
√
6, and wtot = 1, CP5, coincides with CP2, which is a kinetic dominated
solution and behaves as stiff matter. On the other hand, along with changing of λ, CP6,
also moves after the separation from CP5, but as a stable scaling solution with wtot = 0, in
which the contribution of the matter content is increasing and of the scalar field is diluting.
At λ =
√
24/7, CP6, turns to a spiral saddle in 3D, or in fact a spiral stable critical point in
yz-plane. As λ increases, CP6, becomes slowly close to CP3, while it is still a spiral stable
scaling solution. Finally, in the limit λ → ∞, it approaches CP3, which is a pure matter
dominated solution with wtot = 0, while it behaves as a spiral attractor.
This fact that how our universe has evolved in the past and how it will do so in the
future, depends on how fast our system reaches a neighborhood of one of these moving
stable critical points. As we mentioned in introduction, a lot of cosmological observations
have unveiled that the universe is experiencing a very rapidly accelerated expansion today.
Therefore, we can conclude that the evolution of the universe was fast enough, so that it has
reached a neighborhood of CP5, when λ has not yet reached 1 and wtot, is still smaller than
−2/3, to guarantee this acceleration. Thus, we find that the universe will undergo a phase
transition from acceleration to deceleration in the future in our model during the evolution
of λ. Otherwise, it will never experience an accelerating expansion.
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FIG.5 and FIG.6, illustrate the evolution of various cosmological parameters of our model
for a specific choice of initial conditions. FIG.5, demonstrates the evolution of two of our
dynamical system variables y and z, with respect to ln a, in addition of the behavior of two
moving critical points CP5 and CP6. What is important is that both y and z, arrive in CP5,
so quickly that λ, has not yet equalled one (See FIG.6), and as a consequence the universe
experiences a phase of accelerated expansion. Then, they both follow the curve of CP5, for
a given time. As soon as CP6 appears, they start to recede the curve of CP5, and turn to
the one of CP6. Finally, they both catch the curve of CP6 that is approaching CP3.
FIG. 5: The evolutionary curves of dynamical variables y and z, for the initial conditions y = 0.5,
z = −0.5, λ = 0 and l = 1.
FIG.6 left, shows how λ changes with ln a. We see that it always increases though the rate
of increasing is not uniform and varies from one place to another. FIG.6 right, illustrates
the evolution of our model parameters versus ln a. In the beginning, the contribution of the
quintessence potential (ΩV = V/3M
2
pH
2), is increasing while the contribution of its kinetic
term (Ωk = φ˙
2/6M2pH
2), and also the one of the matter content (Ωm = ρm/3M
2
pH
2), are
decreasing. Therefore, the universe enters an accelerated expanding phase very quickly as
it is obvious from the curve of decelerating parameter q. But after a period of time, ΩV
and Ωk, exchanges their role in the evolutionary scenario. During this process, the universe
undergoes another phase transition from acceleration to deceleration. As it is clear in FIG.6
right, q, crosses zero line and takes positive values. And the fate of the universe in our
model, as we discussed earlier, is a matter dominated era. One can see From FIG.6 right
that Ωm, is the dominant component of our model at late times.
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FIG. 6: Left: the evolutionary curve of λ. Right: the evolutionary curves of model parameters
Ωm, ΩV , Ωk and the deceleration parameter q. The initial conditions have been used are y = 0.5,
z = −0.5, λ = 0 and l = 1,
4. SUMMARY AND REMARKS
In this article we have studied the evolution of a normal DGP cosmological model in
the presence of a quintessence scalar field DE component on the brane with a Gaussian
potential, in the context of dynamical system analysis. We have derived an autonomous
system of ordinary differential equations in terms of some new dimensionless dynamical
variables, and obtained the critical points of the model, even the ones at infinity. We have
represented that for a Gaussian potential, the parameter λ = MpVφ/V , has dynamics and
approaches infinity, asymptotically. So, assuming a slowly varying λ, one can consider all
the critical points, the critical lines and the critical plane for the case of a constant λ, as the
instantaneous solutions, so that among them CP4, CL1 and CPN , can relate to the top of
the Gaussian potential and CP5, CP6 and CP7, are moving critical points.
We have indicated that if our universe evolves in 5D, it ends up in the attractor line CL2,
a matter scaling solution in which the potential has no share, with 0 ≤ wtot ≤ 1, that clearly
does not show an accelerating era. If we consider the 4D evolution on the yz-plane, we find
that our universe evolves such that it continuously pursues a stable critical point. We have
discussed that depending on how fast our universe evolves, it can experience an accelerated
expanding phase or not, but in both the cases the fate of our universe is a matter dominated
epoch without acceleration. We have illustrated that if the variation of λ, is slow enough, the
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universe first follows the trajectory of CP5, and then turns toward to the one of CP6. If our
universe comes to CP5, before the state λ = 1, it will experience the acceleration, but then
certainly undergo a phase transition to a decelerating expansion era. This is probably the
case in the model under consideration regarding recent observational data and the present
acceleration of the universe.
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